























For the 3-loop tetrahedral Feynman diagram with non-adjacent lines carry-
ing masses a and b one gets the integral ( see Broadhurst [1] )
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Broadhurst also made the conjecture
C(1, 1) = 4
√
2(Cl2(4α)− Cl2(2α))












is the Clausen function. I computed the two integrals ( for a = b = 1 )by hand
and found using the LLL-algorithm the following identities







1.1. Cl2(α) + Cl2(pi − α) + Cl2(pi3 − α)− Cl2(2pi3 − α) = 74Cl2(2pi3 )
1.2. Cl2(6α− pi) + Cl2(pi + 2α)− 2Cl2(2α) + 2Cl2(pi − 4α) = 0
1.3. Cl2(pi − 2β) + Cl2(2β − 4α) + Cl2(2β − 2α)− Cl2(2β + 2α− pi)
−Cl2(2α)− 2Cl2(pi − 4α)− 2Cl2(pi + 2α) = 0
1.4. −12Cl2(2β − 2α) + 4Cl2(pi − 4α)− 12Cl2(pi − 2β)− 18Cl2(pi + 2α) +
7Cl2(4α) = 0
The first three identities give Broadhurst’s value of C(1, 1). But I could not
prove any of the identities.
In July 1998 I met Broadhurst in Vancouver and he gave me [2] where he
finds the value of C(a, b) for general a and b and also proves it is correct.
But I wanted to prove 1.1-1.4 and decided to compute C(a, b) for a2 + b2 < 4
using elementary methods. The result contained 32 different Clausen values.
Putting a = 1pi and b =
1
e and using the LLL-algorithm I found two general
relations that specialized to 1.1 and 1.3 when a = b = 1. These two identities
were easily proved by differentiation. 1.2 follows from an identity in [2] but 1.4
seems very difficult to prove (it is not a consequence of any general identity I
found)
1
2.Computation of the integrals.
We start with two Lemmata.
Lemma 1. If a2 + b2 ≥ c2 and
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a cos(ϕ) + b sin(ϕ) + c = 2
√















{Cl2(2α− 2δ)− Cl2(2β − 2δ) + Cl2(pi − 2α)− Cl2(pi − 2β)}−(β−α) log(cos(δ))
Proof: We have







{Cl2(pi − 2β)− Cl2(pi − 2α)}



















w2 + b2 − 4 arctanh(
b√








w2 + b2 − 4 arctanh(
w2 − 2(2 + b)
w
√
w2 + b2 − 4)
Put c =
√



















c cos(ϕ) + b sin(ϕ)








{−q1 + q2 + 2q3}

















{ −Cl2(α2 − α1) + Cl2(α2 + α1)− Cl2(2α2)− Cl2(pi − 2α2) + Cl2(pi − α1 − α2)





{−q4 + q5 − q6 − q7 + q8 − q9 + 2q10 − 2q11 + 2q12 − 2q13}
We will show that
I1 + I2 = 0
Using the duplication formula
Cl2(2x) = 2Cl2(x)− 2Cl2(pi − x)
we find
q1 = 2q5 − 2q8




It follows that I1 + I2 = 0 is equivalent to
2q4 + q7 − 2q8 − 2q10 + 2q11 − 2q12 + 2q13 = 0
which follows from the following result ( α = α1, β = α2 )
Theorem 1: Assume sin(α) = tan(β2 ) Then
Cl2(pi−2β)−2Cl2(β)−2Cl2(pi−β)+2Cl2(α)+2Cl2(pi−α)+2Cl2(β−α)−2Cl2(pi−α−β) = 0
Proof: Since Cl2(pi) = 0 we find that the identity is true when α = β = 0.
Let tan(α2 ) = t and consider α and β as functions of t. We have
d
dα





Cl2(pi − α) = log(cos(α
2
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−2 log(2 cos(β))− 2 log(2 sin(β
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α′ + 2 log(2 sin(
β − α
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1 + 6t2 + t4
sin(β) =
4t(1 + t2)
1 + 6t2 + t4
Then


























Hence dfdt = 0 and since f(0) = 0 we have f(t) ≡ 0
Corollarium (Conjecture 1.1): Assume sin(α) = 1√
3
. Then














) = sin(α) =
1√
3






3 ) and the Theorem we get the
wanted result.
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In I3 we substitute




p = a+ b + 2
d =
√
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dc cos(ϕ) + bc sin(ϕ)− ab





















δ2 = 2 arctan(
cd− ab
2d− bc )
δ3 = 2 arctan(
cd+ ab
2d− bc )









Cl2(δ2 − α4)− Cl2(δ2 − α3) + Cl2(δ1 + α3)− Cl2(δ1 + α4)





{r1 − r2 + r3 − r4 − r5 + r6 − r7 + r8}
Finally we substitute


































d2(tan(ϕ)− ad )2(tan(ϕ)− a+b+2d )(tan(ϕ)− a−b−2d )







































2Cl2(2α6 − 2δ7)− 2Cl2(2α7 − 2δ7)− Cl2(2α7 − 2δ8) + Cl2(2α6 − 2δ9)
−Cl2(2α7 − 2δ9)− Cl2(2α6 − 2δ10) + Cl2(2α6 − 2δ11) + Cl2(2α7 − 2α11)






{2r9 − 2r10 − r11 + r12 − r13 − r14 + r15 − r16 + r17 + 2r18 − 2r19}








These identities are valid for all a and b such that a2 + b2 < 4. They are
not trivial. E.g. r5 = r11 says that
1
2
(δ4 − α4) = α7 − δ8
which is equivalent to (after taking tan on both sides)
du












4− a2 − b2




Maple verifies this identity and the other relations as well. Using these identities
we reduce I3 + I4 to eleven Clausen values. In order to simplify this and to















s2 = Cl2(2φa + 2φb − 2φ)
s3 = Cl2(2φa − 2φ)
s4 = Cl2(2φb − 2φ)




Then Broadhurst’s result is
2d(I3 + I4) = s1 + s2 + s3 + s4 − s5 − s6 − s7 − s8
Comparing with our value for I3+I4 this is equivalent to the following identities
found by LLL

















δ1 = −2φ+ φa + 2φb −
pi
2













+ φ− φa − φb
which are easily verified by Maple. It remains to prove the first identity. It




4− a2 − b2

















+2Cl2(pi − 2γ) + Cl2(4φ)− Cl2(2φa)− 4Cl2(2φ) = 0
Proof: consider the left hand side as a function f(a, b). Differentiating we
get
−2df = 4 log(2 sin(γ + φa −
pi
2




2 log(2 sin(φa − 2φ))(dφa − 2dφ)− 4 log(2 sin(γ − φ+ φa −
pi
2
))(dγ − dφ + dφa)
−4 log(2 sin(pi
2
−γ))dγ+4 log(2 sin(2φ))dφ−2 log(2 sin(φa))dφa−8 log(2 sin(φ))dφ
= 4 log(
sin(γ + φa − pi2 ) sin(γ + φ− pi2 )




sin2(γ + φa − pi2 ) sin(φa − 2φ)
sin2(γ − φ+ φa − pi2 ) sin(φa)
)dφa
+4 log(
sin(γ + φ− pi2 ) sin(γ − φ+ φa − pi2 ) sin(2φ)
sin(φa − 2φ) sin2(φ)
)dφ
= 4 log(T1)dγ + 2 log(T2)dφa + 4 log(T3)dφ = 0
since T1 = T2 = T3 = 1. We show that T3 = 1 which is equivalent to
cos(γ + φ) cos(γ + φa − φ) sin(2φ) = sin(φa − 2φ) sin2(φ)
if and only if
2(1− tan(γ) tan(φ))(1− tan(γ) tan(φa) + tan(φ) tan(γ) + tan(φ) tan(φa))
= tan(φ)(1 + tan2(γ))(tan(φa)(1 − tan2(φ))− 2 tan(φ))
if and only if
2p
√
2b2 + 4b(p2 − d2 − 2ap+ (b + 2)
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2b2 + 4b)
= (p2 − d2 − 2ap)(d2 + p2 + 2b2 + 4b+ 2p
√
2b2 + 4b)
which is easily verified. Similarly one verifies that T1 = T2 = 1. Hence df = 0
which means that f(a, b) is constant. Putting a = b = 0 we get d = 2, p = 2,
γ = φ = pi4 , φa =
pi
2 which gives f(0, 0) = 0. It follows that f(a, b) ≡ 0 and
the proof is finished.





4− a2 − b2
{
Cl2(4φ) + Cl2(2φa + 2φb − 2φ) + Cl2(2φa − 2φ) + Cl2(2φb − 2φ)
−Cl2(2φa + 2φb − 4φ)− Cl2(2φa)− Cl2(2φb)− Cl2(2φ)
}
Proposition 2: We have
2Cl2(2φ)− 4Cl2(2φb) + Cl2(4φb) + 2Cl2(2φb − 2φ)− 2Cl2(2φa − 2φ)
+Cl2(2φa − 4φ) + 2Cl2(2φa + 2φb − 2φ)− Cl2(2φa + 4φb − 4φ) = 0
Proof: Let f(a, b) be the LHS. Differentiating we get
df = 4 log(
sin(φ) sin(φa − φ) sin(φa + 2φb − 2φ)
sin(φb − φ) sin(φa − 2φ) sin(φa + φb − φ)
)dφ
+2 log(
sin(φa − 2φ) sin2(φa + φb − φ)
sin2(φb − φ) sin(φa + 2φb − 2φ)
)dφa
+4 log(
sin(2φb) sin(φb − φ) sin(φa + φb − φ)
sin2(φb) sin(φa + 2φb − 2φ)
)dφb = 0
since all logarithms are zero (checked by Maple). Since f(0, 0) = 0 we have
f(a, b) ≡ 0.
10
Corollarium 1: Identity 1.2 is true.
Proof: Put a = b = 1 in Proposition 2. Let α = arctan( 1√
2
). Then
φ = pi2 − 2α and φa = φb = pi2 −α . Inserting this into Proposition 2 we obtain
2CL2(pi − 4α)− 4Cl2(pi − 2α)− Cl2(4α) + Cl2(6α+ pi)− Cl2(pi + 2α) = 0
Using the duplication formula
Cl2(4α) = 2Cl2(2α)− 2Cl2(pi − 2α)
we get 1.2
Corollarium 2. Identity 1.3 is true





Hence γ = β in 1.3. Proposition 1 gives
2Cl2(2β−2α)+2Cl2(2β−4α)+Cl2(6α−pi)−2Cl2(2β+2α−pi)+2Cl2(pi−2β)
+Cl2(2pi − 8α)− Cl2(pi − 2α)− 4Cl2(pi − 4α) = 0
Using 1.2 for Cl2(6α− pi) and the duplication formula for Cl2(8α) we obtain
1.3
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Appendix. Proof of an identity found by Broadhurst













































Li2(x) + Li2(− x




























Li2(x) + Li2(1− x) = pi
2
6
− log(x) log(1− x)







































(log(1 − t) + log(1 + t))( 1










































z = − i
8
Then we want to compute
Cl2(4α)− Cl2(2α) = Im(Li2(u4)− Li2(u2))
In Abel’s identity (Lemma 1.4) we have
x
1− x = u
2,
y
1− y = 1,
x







2) = Li2(1− z)+Li2( 11+z )−Li2(x)−Li2(12 )+ log(2) log(1−x)
By Lemma 1.5 and 1.3 we get
(2.2) Li2(1− z) = −Li2(z) + pi26 − 12 log(z) log(1− z)
(2.3) Li2(
1
1+z ) = Li2(−z) + pi
2
6 − 12 log(1 + z) log(1+zz2 )
Adding (2.1), (2.2) and (2.3) we obtain
(2.4) Li2(u
2) = Li2(z)− Li2(z)− Li2(x) + pi23 − Li2(12 ) + log(2) log(1 − x)
− log(z) log(1− z)− 12 log(1 + z) log(1+zz2 )
By Lemma 1.2 and 1.1
(2.5) Li2(x) + Li2(−u2) = − 12 log2(1− x)
(2.6) Li2(u
2) + Li2(−u2) = 12Li2(u4)
(2.7) Li2(u
4) = 2Li2(u
2)− 2Li2(x) − log2(1− x)
Adding (2.4) and (2.7) gives
(2.8) Li2(u
4) − Li2(u2) = Li2(z) − Li2(z) − 3Li2(x) + pi23 − Li2(12 ) +
log(2) log(1− x) − log2(1− x)
− log(z) log(1− z)− 12 log(1 + z) log(1+zz2 )
We want
(2.9) Im(Li2(u
4)− Li2(u2)) = 1i (Li2(z)− Li2(z))− 32i (Li2(x)− Li2(x))
+ Im
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and using Lemma 2
1
2i
























































Putting everything together we obtain Broadhurst’s formula (all logarithms can-
cel).
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